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We investigate electronic band gap and transport in Fibonacci quasi-periodic graphene superlat-
tice. It is found that such structure can possess a zero-k¯ gap which exists in all Fibonacci sequences.
Different from Bragg gap, zero-k¯ gap associated with Dirac point is less sensitive to the incidence
angle and lattice constants. The defect mode appeared inside the zero-k¯ gap has a great effect on
transmission, conductance and shot noise, which can be applicable to control the electron transport.
Graphene, a monolayer of carbon atoms tightly packed
into a honeycomb lattice, has attracted great interest
in graphene-based nanoelectronic and optoelectronic de-
vices [1], since it was fabricated by Novoselov and Geim
et al. in 2004 [2]. In graphene, the unique band structure
with the valance and conduction bands touching at Dirac
point (DP) leads to the fact that electrons around the
Fermi level can be described as the massless relativistic
Dirac electrons, resulting in the linear energy dispersion
relation. As a consequence, there are a great number
of electronic properties, such as the half-integer quan-
tum Hall effect [3–5], the minimum conductivity [3], and
Klein tunneling [6]. In particular, Klein tunneling and
perfect transmission are crucial for electron transport in
various graphene heterostructures [7], i.e. single barrier
[8] and n-p-n junctions [9].
Motivated by the experimental realization of graphene
superlattice (GSL) [10–12], electronic bandgap structures
and transport properties in GSLs with electrostatic po-
tential and magnetic barrier have been extensively in-
vestigated [13–22], since the conventional semiconductor
superlattices are successful in controlling the electronic
structures and the extension to graphene may give rise to
different features and applications. For instance, DP ap-
pears in the GSL [14, 15], and it is exactly located at the
energy with the zero-k¯ gap [17]. Interestingly, the zero-k¯
gap associated with DP is insensitive to the lattice pa-
rameter changes in contrast with the behavior exhibited
by Bragg gaps [17]. This gap is analogous to photonic
zero-n¯ gap in the photonic crystals containing negative-
index and positive-index materials [20], and originates
from a zero total phase [23]. Accordingly, the zero-k¯ gap
is robust against the lattice constants, structural disorder
[17], and external magnetic field [18], and thus is better
to control the electron transport in GSL.
In this Letter, we will investigate electronic band gap
and transport in Fibonacci quasi-periodic GSLs in the
fashion analogous to photonic crystal with metamaterials
[23–25]. As we know, the quasi-periodic GSL is classified
as intermediate between ordered and disordered systems
[19, 20], which has significant and common features like
fractal spectrum and self-similar behavior [21, 22]. How-
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FIG. 1. (Color online) (a) Example of quasi-periodic mono-
layer GSL, corresponding to Fibonacci sequence S3. (b) The
schematic profiles of the potentials VA and VB.
ever, what we concentrate on here is the electronic band
gap and DP in such quasi-periodic system. We find that
zero-k¯ gap happens in all Fibonacci sequences, which re-
sults in the robust transmission properties, conductance
and shot noise at the DP.
Consider quasi-periodic monolayer GSLs with the
structure in each cell following the Fibonacci sequence,
Sj , by a recurrent relation Sj+1 = {Sj , Sj−1}, with
S0 = {B} and S1 = {A} with j is the generation num-
ber of the Fibonacci unit cell, the first few sequences
are S2 = {AB}, S3 = {ABA}, S4 = {ABAAB} and
so on. Elements A and B are considered as the alter-
nating barriers VA and wells VB with the width dA and
dB, respectively. As an example, the third-generation
Fibonacci structure (ABA)m with the number of peri-
ods, m, is shown in Fig. 1. Generally, in the vicinity
of the K point and in the presence of a potential V (x),
the charge carriers are described by the Dirac-like equa-
tion, Hˆ = −i~vF σ˜ · ∇˜ + V (x) where the Fermi velocity
vF ≈ 106m/s, and σ˜ = (σx, σy) are the Pauli matri-
ces. Due to the translation invariance in the y direc-
tion, the solution of above equation for a given incident
energy E and potential barrier Vj can be presented as
2FIG. 2. (Color online) Energy band (a) and transmission
spectrum (b) for the Fibonacci quasi-periodic GSLs with
dB/dA = 1, where VA = 50 meV, VB = 0 meV, θ0 = 20
◦,
m = 16, (a): dA = 20 nm; (b): dA = 15 nm (dotted black
line), dA = 20 nm (solid red line), and dA = 25 nm (dashed
blue line).
Ψ˜(x, y) = Ψ(x)eikyy with
Ψ(x) =
[
aje
iqjx
(
1
qj+iky
kj
)
+ bje
−iqjx
(
1
−qj+iky
kj
)]
,
where kj = (E − Vj)/~vF , ky and qj are the y and x
components of wavevector, qj = sign(kj)(k
2
j − k2y)1/2 for
k2j > k
2
y, otherwise qj = i(k
2
y − k2j )1/2, and aj (bj) is the
amplitude of the forward (backward) propagating wave.
The wave functions at any two positions x and x + ∆x
inside the jth potential can be related via the transfer
matrix [17]:
Mj =
(
cos(qj∆x−θj)
cos θj
i
sin(qj∆x)
cos θj
i
sin(qj∆x)
cos θj
cos(qj∆x+θj)
cos θj
)
, (1)
with θj = arcsin(ky/kj). As a result, the transmission
coefficient t = t(E, ky) is found to be
t =
2 cos θ0
(m22e−iθ0 +m11eiθt)−m12ei(θt−θ0) −m21 , (2)
where θ0 and θt are incidence and exit angles (see Fig.
1), and mij(i, j = 1, 2) is the matrix element of total
transfer matrix, XN =
∏N
j=1Mj, connecting the incident
and exit ends, and N is the total number of layers of the
graphene superlattice. Once the transmission coefficient
is obtained, the total conductance G of the system at zero
temperature is given as follows, G = G0
∫ pi/2
0
T cos θ0dθ0
[26], where T = |t|2 and G0 = 2e2mvFLy/~2 and Ly
is the width of the graphene stripe in the y direction.
Meanwhile, the Fano factor is given by F =
∫ pi/2
−pi/2
T (1−
T ) cos θ0dθ0/
∫ pi/2
−pi/2 T cos θ0dθ0 [27].
Fig. 2 shows the energy bands and transmission spec-
trum in various Fibonacci quasi-periodic GSLs (i.e., from
S2 to S7). Besides the distribution of energy bands like
Cantor-like set [22], what we have discovered here is that
the zero-k¯ gaps exist in all Fibonacci levels. In Fig. 2 (a),
there are several broad forbidden gaps opened for each
FIG. 3. (Color online) Transmission spectrum for the Fi-
bonacci quasi-periodic GSL, (ABA)m, where m = 16, (a)
dA = 20 nm, (b) dA = 25 nm, and the other parameters are
the same as those in Fig. 2. (c) and (d) are the electronic
band structures corresponding to (a) and (b).
Fibonacci level in the considered energy range. Among
these forbidden gaps, we notice that the position and size
of zero-k¯ gaps are almost robust against the Fibonacci
levels. In fact, the Fibonacci structure S2 is exactly
the GSL, (AB)m. The condition for zero-k¯ gap is given
by qAdA = −qBdB at θA = 0, which provides the DP,
E = VA/(1 + dB/dA), for the special case of VA 6= 0 and
VB = 0 [17]. For the higher Fibonacci level S3 to S7, the
zero-k¯ gaps become stabilized with the fixed position and
size, although the location of zero-k¯ gaps is slightly dif-
ferent from that for Fibonacci level S2. Furthermore, we
demonstrate, in Fig. 2 (b), that such gap depends only
on the ratio of lattice constants, and is insensitive to the
lattice parameters. On the contrary, the position and size
of Bragg gaps in a higher energy range change sensitively
with the Fibonacci level and lattice parameters.
Fig. 3 (a) and (b) further display the influences of
the incidence angle on the transmission spectrum in the
Fibonacci quasi-periodic GSL, (AB)m, corresponding to
Fibonacci sequence S3. It is apparent that the zero-k¯
gap is independent of the lattice constants and is weakly
dependent on the incidence angle. To understand better,
the electronic dispersion at any incidence angle, based on
the Bloch’s theorem, is written as,
cos (βxΛ) ≡ 1
2
Tr[MAMBMA] = cos (2qAdA) cos (qBdB)
+
sin θA sin θB − 1
cos θA cos θB
sin (2qAdA) sin (qBdB), (3)
where Λ = 2dA + dB is the length of the unit cell.
Therefore, the location of the DP is given by 2qAdA =
−qBdB at θA = 0. For the structure considered here,
3FIG. 4. (Color online) Conductance (a) and Fano factor (b) as
a function of Fermi energy in Fibonacci quasi-periodic GSL,
(ABA)m, where m = 16, dA = 20 nm (dotted blue line) and
dB = 25 nm (solid red line), and the other parameters are the
same as those in Fig. 2.
(VA 6= 0 and VB = 0), the DP is exactly located at
E = VA/(1 + dB/2dA), which means that the zero-k¯ gap
depends only on the ratio, dB/dA, instead of dA and dB
themselves. Fig. 3 (c) and (d) show that a band gap
opens at E = 33.3 meV, which is different from E = 25
meV for Fibonacci sequence S2, in which dB/dA = 1 and
VA = 50 meV. In fact, DP for other Fibonacci sequences
can be further calculated as E = VA/[1 + dB/τjdA],
where τj is the ratio of numbers of layer A and B, and
limj→∞ τj = (1 +
√
5)/2 = 1.618.
Fig. 4 shows the conductance and the Fano fac-
tor with the difference lattice constants. Remarkably,
the angular-averaged conductance reaches the minimum
value at the DP, while the Fano factor exists a peak in
the vicinity of DP with value approximately F = 1/3
[18, 27]. The conductance and the Fano factor shows the
robust properties, since the DP does not shift, when the
lattice constants dA and dB are changed simultaneously.
In Fig. 5, we further shed light on the effect of localized
FIG. 5. (Color online) Effect of defect mode on the trans-
mission (a), conductance (b), Fano factor (c) in GSL, where
the defect dD = 80 nm, VD = 55 meV, dA = 20 nm, and the
other parameters are the same as those in Fig. 2.
defect mode in GSL, (ABA)8D(ABA)8, where the defect
layer D with dD = 80 nm and VD = 55 meV. Compared
to that inside the Bragg gap, the defect mode inside the
zero-k¯ gap remains almost invariant with the incidence
angles and lattice constants. Due to the existence of the
defect mode, the conductance is greatly enhanced, while
the Fano factor is strongly suppressed, as shown in Fig.
5. This suggests that the electron transport can be mod-
ulated by the defect mode.
In summary, using the transfer matrix method, we
have investigated the electronic band gap and transport
in the Fibonacci quasi-periodic GSL. It is shown that
the zero-k gap and the defect mode are robust against
the lattice constants and incidence angle, which is useful
to control electron transport. We hope such Fibonacci
structure will have applications in graphene-based elec-
tronic omnidirectional reflector and filters.
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